Reference Answer of Lecture 4
1.

{x =/i(1‘,x,,u) (EH)
4) = x,

a) z(2) = (x(2), u(2)) is a solution of (H ) < x(t) is a solution of (£],) and u(7) = u;

{x' = ft,xp), p'=0 )

(7)) = x, plty)=p

b)If (£, ) has a unique solution,so does (H )

Proof:

o {X'=f(f,x,u), u'=0
a) =

x(4) =x, u(t, )= firstly means x(t) is a solution of ( Eu) Jbesides

p'=0means 1 is a constant.And p(t, )= means p(7) = p

'XJ = f’ 'x’ b
"<" x(t)is asolution of (£) means{ S35 p) ,
) =X

then () = p means p'=0and u(t,)=p .So z(#) = (A7), w(7)) is a solution of (H W)
b) If (Z],) has a unique solution,but (H ,) has two solutions.Suppose z, (/) = (5 (), &, (7))
2,(9) = (x,(2), u,(2)) are both solutions of (H ) ,then

{’ﬁ' =S5, 1), =0 and{xé =/t 5, 1), 15,=0
x(2)=x (o )= (%) =% Hy(to)=p

p,=0 and p,(t,)=p means 1, = p, = p
(£,) has a unique solution means .t; =.v, = z = 2, ,s0 (H,, ) has a unique solution.
L)
2. Y, (40, x5)=/+ LO Jo(s5x,(5,2, %)Y, (5,4, % )ds .Show that {Y (2,4,x,)} is

uniformly convergent to Y (7, %, x, ) that is continuous on (2,4, 1) € G.

‘ <M, [ (tx,(t,4,%,))satisfies

< 2]

<M'(t-2)

Y, (5,4, 5)|| < No| 5 (4, x,(4,4y, %))

Proof: Suppose |

fx’ (¢, X(fafoaxo))_fx’ (2, (2,4,, %))

Liptischz inequality

”Yl - Yo“ = HI,: f}c’ (5,4 (5,2, %)Y, (5,4, Xo)df‘

IV =Y = 552V, )= [ 505 VG 5 )



” (Sa 107"r0)) _f;(s, XO(Sa Z05""/0)) ||Y1(S5 107"1/0)”0"5v

(5, 4y IOV (5 29, 1) = Y (5 4, ) |
2
< L'N£|Z—IO|2 +(M l=al
2! 2!

IV =Yl s e )= [ ) 55

(s, ZO,XO))—A’(S,XI(S, 7y, %)) ||Y2(S, ZO,XO)”dS

(Saloﬂro)) ||Y2(S,10,X1)—YI(S,fO,XO)”d’S

<(LN2£1 ol + 3|’ dl
B ’ 3!

' 7n— ML n |6

<(L'N)" o + (417 n!°|

0 7n-1 o _ 4
Since the series Z(L'N ML |Z l| z M)” |Z 1'0 is convergent on (7,4, %,) € G

- o= n!

So does Y, (7) + i [Y”(Z) -Y, (t)]

7=l

ie.{Y (74,,x,)} is uniformly convergent to Y (4 Z), x, ) that is continuous on (#,7,,.x,) € G

3.It’s similarly proved like problem?2.
4.1If X' = f(¢,x) ,where f(Z,x)is continuous and ||f(l, x)” < M”)cﬂ forall (z,x)e RxR”,

Show that for any (£, .x; ) ,the solution x(#) hasI , = (—00,0).
Proof:

X0 = 5+ [ flsa(s)ds
[l <+ a4, ol

From Gronwall’s inequality we get

[l < e

Let/— o, ,if 0, <+0= ||x(l)|| < 400 contradicts with Continuation theorem.So @, =00.



Similarly @w_ =—o00.
5.All solutions of the Riccati equation ' =1+ X" have a finite escape.

Proof: Let @, >0, X (2) =1+ (2.

_atD =df=> arctan x(7) —arctan x(4)) =7—4, V€[4, 0,]
1+ 42(2)

S0/ <n=0<w, <7

This completes the proof.



